An algorithm is presented for the calculation of the nondegenerate two-photon absorption coefficient by using second-order perturbation theory and a Kane band-structure model, including the effects of nonparabolicity and nonzone-center wave functions. The polarization dependence is included by correctly accounting for the symmetry of the electronic wave functions. A comparison is made with degenerate two-photon absorption data in various zinc blende semiconductors, and excellent agreement is found without the use of fitting parameters. Comparisons are also made with nondegenerate two-photon absorption spectra measured in ZnSe and ZnS by using a picosecond continuum and with some polarization-dependent measurements obtained by a two-color Z-scan measurement.
INTRODUCTION
Degenerate (self-action) two-photon absorption (2PA) in a zinc blende semiconductor was previously described and characterized; see, e.g., Refs. 1-3. However, there has been recent interest in the nondegenerate 2PA whereby one light field induces absorption in a second light field, resulting in the loss of one photon from each field. Here we use the term nondegenerate to indicate the effect of one light beam on a different (usually in wavelength or polarization) light beam (cross action), as opposed to selfaction effects, which are the effects of light beams on themselves and which we term degenerate. This interest is due partly to recent measurements of nondegenerate nonlinear absorption in semiconductors 4 • 5 but also to the fact that the nondegenerate absorption can be used to determine the nonresonant nonlinear refractive index n 2 by means of a nonlinear Kramers-Kronig relation. 6 • 7 A calculation for degenerate 2PA that uses a twoparabolic-band model for a semiconductor is presented in Refs. 7 and 8. This two-parabolic-band model provides the proper scaling of 2PA with material parameters and gives a frequency dependence matching that of experimental data. However, the absolute value of the predicted values is consistently low by approximately a factor of 2 over a wide range of direct-gap semiconductors and some dielectrics. 3 This factor can be accounted for by using the present band structure, which is more realistic near the center of the Brillouin zone. In particular, the degeneracy of the valence bands and the band nonparabolicity are correctly accounted for. By this improvement in the band-structure model, one can accurately predict 2PA without the use of fitting parameters.
Another reason for using a more comprehensive bandstructure model is that the simple two-band model does not, by itself, give any polarization dependence. This is because the two-parabolic-band model does not provide a direction for the momentum matrix element (although most calculations assume a momentum matrix element parallel to the electronic k vector). The Kane band structure used here automatically provides a direction and a 07 40-3224/92/112065-10$05.00 magnitude for the momentum matrix element, permitting the determination of nondegenerate 2PA for arbitrary polarization orientations between the two light inputs. However, as the Kane band structure for zinc blende (cubic) semiconductors is isotropic, there will be no polarization dependence with respect to the crystal orientation.
THEORY OF DEGENERATE TWO-PHOTON ABSORPTION
There have been two basic approaches to the calculation of degenerate 2PA coefficients in a crystalline solid. First, second-order perturbation theory can be used to calculate the transition rate from valence to conduction band (resulting from the absorption of two photons). Second, first-order perturbation theory can be used with electronic wave functions that have been dressed to include the acceleration of the electrons as a result of the ac light field. The latter approach was developed by Keldysh 9 and is often termed tunneling theory.
Second-Order Perturbative Approach
Fermi's golden rule (derived from second-order timedependent perturbation theory) provides the form of the two-photon transition rate: (1) where Hopt = (e/mc)A ·pis the optical interaction Hamiltonian applicable to solids, r/Jc(r/Jv) is the Bloch wave function for the conduction (valence) band, and EcvCk) is the energy difference between the bands. The sum is over all possible intermediate states i and over all possible transitions starting from a filled state and ending at an empty state (usually valence to conduction band for an intrinsic semiconductor), i.e., a sum over bands and the electronic wave vector k. The subtlety in this calculation is in de- Fig. 1 . Band structure for a zinc blende semiconductor near the center of the Brillouin zone as given by Kane. 12 Only the set of four doubly degenerate (in spin) bands are considered: conduction band (cb), heavy-hole band (hh), light-hole band {lh), and split-off band (so).
ciding what model to choose for the band structure and over what bands the summations will be performed.
The simplest model for a semiconductor consists of a single parabolic conduction band and a single parabolic valence band in which the intermediate states are also these bands.
• 10
Hence the summation will involve an interband (allowed) and an intraband (forbidden) matrix element. This calculation gives a two-photon absorption coefficient of the form
where Ep is related to the interband momentum matrix element and for the two-parabolic-band model is defined Ep = 21Pvcl 2 /mo (Ep is approximately 21 eV for most semiconductors), 11 n 0 is the linear refractive index, and Eg is the band gap. Kpb is a material independent constant, which the two-band theory gives as over a large range of semiconductors and wide-gap optical materials 3 ; however, 2PA coefficient predictions are consistently low. This difference has been compensated for by fitting the constant Kpb to the experimental data, which gives a value for the constant of Kpb = 3100 in the same units as above. 3 One of the deficiencies of the above model is that it does not correctly account for the valence band degeneracy. Zinc blende semiconductors usually have a valence band maximum at the center of the Brillouin zone. This maximum consists of three bands: a heavy-hole band and a light-hole band (degenerate at k = 0) with a spin-orbit split-off band separated by the spin-orbit interaction energy 6. (Fig. 1) . For direct gap materials (conduction band minimum also at zone center) the theory of Kane 11 • 12
provides a good description of the bands and the Bloch D. C. Hutchings and E. W. Van Stryland wave functions around zone center, which is sufficient for many of the band-edge optical properties. Lee and Fan 13 used the Kane band structure with parabolic bands to determine 2PA coefficients (they also discussed excitonic effects). Two-photon transitions still consist of an allowed and a forbidden transition from a valence to a conduction band, but now possible forbidden transitions consist of intervalence band transitions as well as the self-transitions that exist for the two-band model. This calculation (neglecting the split-off band, i.e., 6. >> Eg, and without excitonic contributions) results in a 2PA coefficient that is a factor of 2.7 greater than that obtained from the two-parabolic-band model but with identical frequency and material dependencies. This form of calculation was extended by Pidgeon et al., 14 who included nonparabolicity, and by Weiler, 2 who correctly accounted for nonzone-center wave functions with nonparabolicity, which results in a significant reduction in the expected 2PA coefficient. The latter calculation gives a predicted 2PA coefficient that agrees well with (reliable) experimental data for a wide range of semiconductors and optical solids.
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Tunneling Approach Keldysh's tunneling theory involves the use of dressed electronic wave functions, which include the effect of an ac electric field and first-order perturbation theory. It not only provides 2PA coefficients but can be used for any multiphoton process. Jones and Reiss applied this method to a two-parabolic-band model of a semiconductor, using an S-matrix approach, for circularly polarized light, 16 and Brandi and de Araujo made a similar application for linearly polarized light. 17 Provided that the same band-structure assumptions are used in both cases, exactly the same result as that predicted by second-order perturbation theory is obtained for 2PA. This is not surprising since the dressed-electron-states approach is equivalent to a self-transition (intraband) in the secondorder perturbation theory approach. However, the tunneling theory cannot easily be applied to the Kane band structure, as the tunneling approach has problems dealing with multiple valence band degeneracies and so cannot correctly account for intervalence band transitions. Care needs to be taken when one is using tunneling theory for mulitphoton absorption in general, as this theory often does not account for the dominant contributions. For example, in three-photon absorption the dominant term arises from a threefold inter band transition, 8 whereas tunneling theory accounts only for terms corresponding to one interband and two intraband transitions, which are usually much less significant.
To conclude this preliminary discussion on degenerate 2PA theory, a simple two-parabolic-band model of a semiconductor (that uses either the second-order perturbative or the tunneling approach) provides the material scaling and general frequency dependence but usually underestimates {3 by approximately a factor of 2 (this difference has been compensated for by fitting to measured data). Including other factors, such as correct valence band degeneracies, nonparabolicity, and correct electronic wave functions away from zone center, in the calculation provides an accurate prediction of the degenerate f3 without the use of fitting parameters. 
THEORY OF NONDEGENERATE TWO-PHOTON ABSORPTION
In the presence of 2PA alone (i.e., with no linear absorption), the absorption of two spatially and temporally overlapping light beams is described with the following coupled set of equations showing both degenerate (f3ii) and nondegenerate (/3ii) terms:
The factor of 2 in the nondegenerate term is sometimes referred to as weak-wave retardation, 18 and this definition ensures that the nondegenerate coefficient approaches the degenerate one as the parameters of the 1 2 beam approach that of /1, i.e., /312 ~ /3u as w2 ~ w1.
Two-Parabolic-Band Model
The nondegenerate 2PA coefficient can be determined by using two parabolic bands and an S-matrix (tunneling) approach 7 or second-order perturbation theory to give
where the spectral function F 2 nd is defined as
X1 X2 (6) provided x1 + x2 > 1, and is zero otherwise. For the twoparabolic-band model we define the parameter EP = 21Pvcl 2 /mo. The functional form of F 2 nd is shown in Fig. 2 .
Kane Band-Structure Model In a manner similar to our treatment of the degenerate case, we now use a more realistic band structure for the valence bands degenerate at k = 0, and a split-off (so) valence band removed by an energy Ll at k = 0. On diagonalization, the band energies can be obtained from
where E' = E -(n 2 /2m 0 )k 2 is the electron energy with the free-electron mass taken into account and P is the Kane parameter defined from the momentum matrix element:
The first of Eqs. (7) gives the heavy-hole energies, which are zero (plus the free-electron mass contribution) because there is no coupling with other bands, and the cubic equation provides the energies for the conduction, lighthole valence, and split-off valence bands. This diagonalization is such that the total angular momentum (sum of 
where a and {3 denote the two (degenerate) spin states and the coefficients for the conduction, light-hole, and split-off bands are determined from the energies
where N = (ai 2 + bi 2 + ci 2 ) 112 is a normalizing factor.
The transition rate for nondegenerate 2PA can be determined by using second-order perturbation theory 13 : where the interaction Hamiltonians are given by (12) Here ai is the unit vector in the direction of polarization of the jth optical beam, which has frequency wi and an irradiance Ii.
In order to determine this transition rate, one must obtain the momentum matrix element among the various bands described by the Kane theory. Table 1 shows the z component of the scaled momentum matrix element taken among the various sets of bands, which we define as (13) Only the matrix elements from the a spin states are shown, but those from the {3 spin states can easily be obtained by using the facts that
Lee and Fan 13 show a similar table for the particular case of parabolic bands and zone-center wave functions. Here the k vector is given in polar coordinates (k, fJ, cp), and the (a, b, c) coefficients are the k-dependent wave function coefficients described in Eqs. (10) . For parallel optical polarizations we can take both polarizations to be in the z direction. For arbitrary polarizations we can use the z component for one beam and determine the other matrix element for the appropriate orientation. In examples below we consider cross-polarized beams, so the x component (or the y component) of the momentum matrix element is also required, which we show in Table 2 (using the same formalism as above). Whereas the z component is independent of the cp component of the electronic wave vector k, it can be seen the same is not true for the x component.
Using the expression for the nondegenerate two-photon transition rate given in Eq. (11), we obtain the following expression for the 2PA coefficient:
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where the dimensionless spectral function f2 is defined as
The material dependent constant K is given by ( e2)2 n2
which has the value of 2.2 cm/GW (eV) 512 (allowing Ep and Eg to be given in electron volts), and Ep is related to the
In the Kane band-structure case, there is a dependence on the ratio of the split-off energy to the band gap, il/Eg, which is contained within the dimensionless spectral function { 2 (the parameter P also appears, but only for scaling the integral), which obviously does not appear in the two-parabolic-band model. The summations involved are over all valence to conduction band routes via all possible intermediate states (which are themselves the various valence and conduction bands described in this band-structure model). In this calculation only the bands described above are used, i.e., one conduction and three valence bands, each doubly degenerate in spin. Higher band contributions are neglected. With the matrix elements described above for the Kane contributing transitions from valence to conduction band, compared with 4 for the two-parabolic-band model (which can be further reduced to one calculation, as all 4 transitions occur at the same magnitude of the k vector). In both the two-parabolic-band and the Kane band models, these transitions consist of an allowed term (valence to conduction band) and a forbidden term, i.e., not allowed at k = 0 (self-valence, self-conduction, or intervalence band).
The algorithm for computing the nondegenerate 2PA is as follows. First, for the given optical frequencies w 1 and w2, the magnitude of kat which this optical transition occurs is determined. This involves calculating the root of the argument of the Dirac delta function in Eq. (16) [which in turn involves computing the roots of Eqs. (7)]. Second, the wave functions for these states are determined by computing the (a, b, c) coefficients [Eqs. (10)]. Third, the appropriate scaled momentum matrix elements M~Jl (k dependent) are determined (Tables 1 and 2 ). Fourth, the summation is performed over all valid intermediate states, and the integrals are computed over the angular coordinates of the k wave vector (0, cp).
RESULTS

Indium Antimonide
To check the above algorithm, we first make a comparison with established theories for degenerate 2PA in narrowgap semiconductors, citing InSb as an example. Weiler gives an analytic expression for the degenerate spectral function f2 that includes nonparabolicity and nonzonecenter wave functions in the limit of a large split-off energy, !J.. >> kP, Eg, which is applicable to narrow-gap semiconductors:
.r npc ) = 8 
Weiler also gives the correct form of the frequency dependence, using parabolic bands and zone-center wave functions (also in the limit !J.. >> kP, Eg), which was calculated by Lee and Fan
:
The material scaling of both of these models is exactly the same as that given above in Eq. (15) . These forms are plotted in Fig. 3 for InSb at room temperature (Eg = 0.175 eV; Ep = 21.3 eV; !J.. = 0.85 eV), along with the results of the numerical model presented here. It can be seen that the omission of nonparabolicity and nonzone-center wave functions leads to a considerable overestimation of 2PA, except close to the 2PA edge, although the overall shape is qualitatively similar to that in the nonparabolic case. This is a result of the decrease of the interband momentum matrix element with increasing k as the k · p perturbation causes more mixing of the s-andp-like wave functions. We find that our calculation gives a result close to that of Weiler's nonparabolic calculation, with only D. C. Hutchings and E. W. Van Stryland a small deviation at higher photon energies. This deviation is due principally to there being a term proportional to Ec/fl in the effective mass as a result of the interaction of the split-off band, which is neglected in Weiler's expression. In the same plot we show some experimental data taken with a C0 2 laser at 10.6 and 9.6 J.Lm.
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The spread in the experimental data makes the frequency dependence impossible to confirm, but the results given here seem to confirm that, for 2PA in InSb, nonparabolicity and nonzone-center wave functions have a marked effect on the overall magnitude of the 2PA but that the frequency dependence is not greatly changed, as was stated in Ref. aThe theoretical values were determined by using the algorithm presented here, which includes band nonparabolicity, the .contribution from the split-off band, and the use of nonzone-center wave functions. lent agreement is obtained, especially considering that there are no fitting parameters whatsoever in the present treatment. However, the 2PA in ZnTe at 1.06 ~-tm is considerably underestimated. It should be noted, however, that this measurement lies close to the 2PA edge. It has been suggested that this discrepancy is due to excitonic enhancement since the difference corresponds to only a few times the exciton binding energy. 3 Other possible explanations are that there may be some degree of band tailing or that allowed-allowed transitions via higher bands become relatively more important close to the 2PA edge.
One of the surprising features of the simpler twoparabolic-band model is that, when it is scaled (i.e., Kph = 3100), it provides a remarkably good prediction for the degenerate 2PA over a wide range of materials and frequencies. 3 To confirm this fact we compare the results of this model with our present theory in Fig. 4 for
InSb, GaAs, and ZnSe. It can be seen that in all three examples the two curves lie fairly close together over the whole frequency range shown here (certainly well within typical experimental errors for these types of measurement). Note, however, that as the band gap increases, the two-parabolic-band result increasingly underestimates {3 as the split-off band plays a greater role.
Zinc Selenide One of the semiconductors in which we make a com parison between theory and experiment for the nondegenerate 2PA spectra is ZnSe. In this material the band gap and split-off energies are of comparable magnitudes (Eg = 2.67 eV, Ep = 24.2 eV, ~ = 0.42 eV), fulfilling neither of
Weiler's analytic expressions for the degenerate 2PA that were calculated for~>> Eg and~<< Eg. That this is so is demonstrated in Fig. 5 , which is a plot of the degenerate 2PA coefficient against frequency and from which it can be seen that the exact numerical calculation performed here (solid curve) agrees with Weiler's nonparabolic expression for~ >> Eg (short-dashed curve) close to the 2PA edge but asymptotically approaches the expression for ~ << Eg at higher frequencies. The point of inflection near 1.5 eV in the present calculation occurs because the photon energies have reached the threshold of split-off to conduction band transitions. The data denoted by the circles are two measurements at 0.532 JLm,
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23 which show excellent agreement with the present calculation. Also shown in Fig. 5 is the polarization dependence of the frequency-degenerate 2PA. The solid curve discussed above also gives the nondegenerate 2PA in the limit of identical frequencies and parallel polarizations. The longand-short-dashed curve shows the same quantity, but now . Nondegenerate 2PA in ZnSe at the second-harmonic frequency that is due to the presence of light at the fundamental frequency. The solid curve corresponds to parallel optical polarizations; the dashed curve; to perpendicular. Two data points are shown, measured at 0.532 J.Lm because of the presence of a beam at 1.064 J.Lm, by the two color Z-scan technique. 5 The square corresponds to parallel polarizations, and the triangle to perpendicular.
the optical polarizations of the two beams are perpendicular. It can be seen that in the perpendicular case the 2PA coefficient is approximately a factor of 2-3 less than in the parallel case over all frequencies beneath the band edge, nw < Eg. For ZnSe at a wavelength of 705 nm this theory gives a ratio of 2.4 between the two polarization cases, which agrees fairly well with an experimental measurement of 2. 24 Note that the threshold for the splitoff transitions is much less obvious in the perpendicular case. This result is a consequence of the direction of the matrix elements involving the split-off band resulting in a reduction in the angular (Euler's) integral for these transitions. It should be noted, though, that one must take care when considering nondegenerate optical effects that arise from two beams of identical frequency, as coherence must play a significant role. The nondegenerate 2PA values given in Fig. 5 should be considered only as the limit obtained, as the two (different) frequencies tend to the same value.
One method of obtaining a nondegenerate 2PA measurement is to frequency double a portion of a pump beam and use it as a probe beam. However, it should be noted that this method can be used only to obtain nondegenerate measurements along a particular line in the (w 1 , w 2 ) plane, as the two frequencies used must have a fixed relation between them (i.e., w 1 = 2w2). Figure 6 shows the nondegenerate 2PA in ZnSe at the second harmonic that is due to the presence of the fundamental within the material, i.e., f3(w; w/2). Once again a solid curve is used to denote parallel optical polarizations; and a long-and-shortdashed curve, perpendicular. Again the point of inflection where split-off transitions become allowed is readily seen in the parallel case. The data shown here are nondegenerate 2PA coefficients measured at 0.532 J.Lm that are D. C. Hutchings and E. W. Van Stryland due to the influence of a strong 1.064-J.Lm pump beam measured by the two-color Z-scan technique.
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A recent paper 4 reported the measurement of nondegenerate 2PA in several wide-gap semiconductors by using a pump at 705 nm and a picosecond continuum pulse as a probe. This directly gives the form of nonlinear absorption applicable to the determination of the nonlinear refractive index n 2 by the nonlinear Kramers-Kronig relation.
6 Figure 7 shows the results for ZnSe along with the results of the corresponding theoretical calculation. The circles correspond to a pump irradiance of =8 GW/ cm 2 and have an estimated error of ±30%. The triangles and the squares correspond to a lower irradiance level (=0.7 GW/cm 2 ) and have an estimated error of ±45%. The sizes of these errors make it difficult to infer any details of the nonlinear absorption spectrum, but the magnitude is in complete agreement with the present calculation.
Zinc Sulfide
Reference 4 also presents data for ZnS, which is also a zinc blende semiconductor, but in this case the spin-orbit interaction is small, and the split-off energy is much smaller than the band gap (Eg = 3.54 eV, Ep = 20.4 eV, A = 0.064 eV). In the case of ZnS, the picosecond continuum provided the nondegenerate 2PA around the 2PA edge (i.e., nw 1 + nw 2 ~ Eg), as shown in Fig. 8 . Here the circles correspond to an irradiance level of =8 GW/cm 2 with an estimated error of ±30%, the squares to =8 GW/ cm 2 (±45%), and the triangles to =0.7 GW/cm 2 (±45%). Once again, the solid curve is the calculated 2PA and shows excellent agreement with the wavelength dependence and magnitude, considering that the calculation is absolute. Note that in this case because of the small splitoff energy A the point of inflection corresponding to the threshold of split-off transitions is no longer obvious.
CONCLUSIONS
We have presented an algorithm for the determination of 2PA in zinc blende semiconductors. The calculation uses the band structure described by Kane, 11 • 12 consisting of a conduction band and three valence bands (heavy-hole, light-hole, and split-off) and includes the effects of nonparabolicity and nonzone-center wave functions. The 2PA coefficient is determined from the transition rate, which is calculated by using second-order perturbation theory (Fermi's golden rule).
The motivation for this study is threefold. First, while a simple two-parabolic-band model gives the correct material scaling and spectral dependence, ·the results of that model have to be scaled to fit reliable experimental data (replacing the material independent constant Kph = 1940 with the best-fit value of 3100 for a range of semiconductors3). We have shown that this fit provides a good approximation to the fuller band-structure calculation for the degenerate 2PA. However, it is desirable to use a band-structure model that does not require any fitting parameters. The Kane band structure with nonparabolicity and nonzone-center wave fu:nctions 2 seems to satisfy this requirement. Second, in order to account for the optical polarization dependence, one must know the direction as well as the magnitude of the momentum matrix element. The simpler two-band model do·es not provide this, but the polarization dependence is an integral part of the Kane band-structure model. Third, the nondegenerate 2PA is one of the contributions that can be used to determine the nonlinear refractive index n 2 by a nonlinear KramersKronig transformation 6 (the other methods being Raman transitions and the ac Stark effect).. This determination has already been made by using a two-parabolic-band . We would expect the same to be true for nonlinear absorption. The examples given here almost all occur well away from photon energies where coulombic enhancement is relevant (again an exception being 2PA in ZnTe). Also, impurities and defects in the semiconductors will lead to screening of the coulombic potential and band tailing, which will reduce the bound exciton resonant absorption and the unbound contribution that gives rise to the aforementioned enhancement of the 2PA. We conclude that the enhancement reported in Ref. 13 must be considered an upper limit of 2PA. Another effect that is neglected in the present calculation is any contribution from other bands. This contribution has a twofold effect. First, the calculated band structure will be different when other bands are allowed to mix with the set of four bands used in the band-edge optical properties (conduction plus three valence). For example, these contributions are necessary if one wishes to obtain a heavy-hole effective mass different from that of free electrons. In particular, away from zone center, the calculated shape of the conduction band is quite different from that of the Kane model. So, for instance in ZnSe, significant deviations from the Kane model should occur near 1 eV above the band edge 26 (corresponding to degenerate 2PA 0.5 eV above the 2PA edge). It is quite remarkable that our model (and to a certain extent the two-parabolic-band model) works so well at these higher photon energies. Second, there are possible two-photon transitions for which the additional bands can be used as the intermediate state. However, these transitions should be significant only close to the 2PA edge (as these are allowed-allowed transitions, compared to the allowedforbidden transitions considered in this paper) and for transitions high into the conduction band (where the energy difference denominators for transitions via a higher band are not so large). For the intermediate photon energies examined here, these extra transitions should be negligible.
We have calculated only the 2PA contribution to the nondegenerate nonlinear absorption, using transition rates that correspond to loss of energy to the material. Loss or even gain from energy transfer between beams (four-wave mixing) is ignored. This is as it should be for 2PA coefficients; however, one must exercise great care in performing experiments in order to separate clearly the loss contributions of 2PA and energy transfer.
